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Abstract

We investigate unconstrained optimization with an objective function that has an unknown and
possibly large number of local minima. By varying the selection and termination criteria, we
obtain several variants of the Moore-Skelboe a gorithm for distinct tasks in nonconvex global
optimization. All of these terminate after having found the best answer that is possible, given
the precision of the underlying hardware and given the expression for the objective function.
Thefirst algorithm finds the best lower bound for the global minimum. Thisisthen extended to
aversion that adds an upper bound.

Often not only the global minimum is required, but also possibly existing points that achieve
near-optimality, yet are far from the points at which the global minimum occurs. In response to
this requirement we define the §-minimizer, the set of points at which the objective function is
within § of the global minimum.

We then present algorithms that return a set of boxes. In one of these, the union of the boxes
in this set contains a §-minimizer. If this union is small, then we know that there is a well-
defined global minimum. In the other version, the union of the boxes returned is contained in a
d-minimizer. If this unionis large, then we know that there is a wide choice of parameters that
yield near-optimal objective function values.

Keywords: nonconvex unconstrained global optimization, Moore-Skelboe algorithm, mini-
mizer, sengitivity analysis



1 Introduction

There are many features that contribute to the degree of difficulty of an optimization problem. As
the wide applicability and the great flexibility of the optimization paradigm make it tempting to
formul ate models with ever increasing numbers of variables, all non-statistical global optimization
methods are severely limited in the number of variables they can handle. Thisis an acutely felt
limitation.

With the number of variables given, an important determinant of degree of difficulty is whether
the objective function has a single local minimum. In addition to this favorable property, it is
a powerful help if the matrix of second derivatives exists and is well-conditioned near the local
minimum. At the other extreme, the objective function may have an unknown and possibly large
number of local minima. It may be that neither second derivatives nor even first derivatives are
available. In this paper we consider optimization problems of this latter type. The only assumption
we make of the objective function is that it is bounded from below and that it can be computed by
an expression that can be evaluated in interval arithmetic.

This class of optimization problems is solved, in sufficiently small instances, by the Moore-
Skelboe agorithm[7, 8, 3, 11]. Many variants exist, mostly in the sel ection and termination criteria.
In the literature[7, 8, 1, 9], these variants are compared on heuristic grounds. We show that in this
respect one can move from the heuristic to the exact. Our first step in thisdirection isto clarify what
optimization problem isto be solved.

One possible goal is to determine what the global minimum is. We call this the fathoming
problem. Another possible goal isto determine where the global minimum occurs. We call thisthe
localization problem.

These distinct goals determine different termination criteria. Within the fathoming problem, we
first present an algorithm that finds the best lower bound for the global minimum. Next comes an
algorithm for finding the best interval for the global minimum. To address the localization problem,
we present an algorithm that yields a set of boxes containing the §-minimizer. Another localization
algorithm yields a set of boxes contained in a §-minimizer.

2 Preéliminaries

Definition 1 An optimization setting consists of the following.

(1) An objective function f, which isa function of type R™ — R.

(2) A domain D, which is a non-empty subset of R".

(3) A set of conditions of the form g;(z1,...,z,) < 0, fori € {1,...,m}. Heregy,,...,gm are
functions of type R™ — R.

Logically, the domain (2) and the conditions (3) are mutually redundant. Yet it is convenient to have
both. The domain is typically ssmply defined, for example as a Cartesian product of intervals. The
conditions may not be trivial to solve. If m = 0 and D is a cartesian product of intervals, then we
speak of an unconstrained optimization problem.

Given an optimization setting, the following additional definitions suggest themselves.

Definition 2 (1) The feasible set, which is the intersection of the domain with the subset of R™ that
satisfies the conditions.



(2) The global minimum w, which is defined as the greatest lower bound of f restricted to a non-
empty feasible set.

(3) The d-minimizer, which is defined as the intersection of the feasible set with {(z1,...,z,) |
flz1,...,2n) — u < 4}, for somed > 0. The minimizer without qualification is the O-minimizer.

2.1 Intervals

We suppose a finite set of floating-point numbers, for example as specified in IEEE standard 754.
We consider the finite floating-point numbers as reals; therefore they can serve as bounds for closed
connected sets of reals. We consider as intervals pairs [a, b] of finite floating-point numbers such
that a < b. These denote the closed connected sets of reals bounded by a and b. We extend this
notation to the infinite floating-point numbers by letting [—oo, b] and [a, 0o denote the obviously
suggested unbounded closed connected sets of reals.

We call a the left bound and b the right bound, writing a = Ib([a,b]) and b = rb([a, b]). The
width of [a, b] isw([a, b]) = b — a.

An interval of the form [a, a] is called a point interval. We denote the empty interval by 0. As
we consider the finite floating-point numbers asreals, the distinct bit patterns +-0 and —0 denote the
samerea. Thus [-0, —0], [0, 40], [+0, —0], and [+0, +0] are al equal and are equal to the point
interval [0, 0].

The fact that there are a finite number of floating-point numbers has important consequences.
There is a greatest finite floating-point number M. Adjacent floating-point number have a positive
distance between them. We have atomic intervals, which are defined as intervals [a, b] witha = b
or a < b and a and b adjacent floating-point numbers. Atomic intervals typically have small width.
However, [—oo, —M] and [M, o], where M is the greatest finite floating point number, are aso
atomic.

The split operation is defined on non-empty, non-atomic intervals [a, b] and yields two intervals
[a,m]| and [m,b], where m is a floating-point number such that a < m < b. Thus, the split
operation, if defined, resultsin narrower intervals.

Our algorithms typically continue splitting as long as possible. As a result, we can claim that
they result in the best that can be obtained, given the limitations of the underlying arithmetic.

2.2 Theobjective function

The Moore-Skelboe algorithm depends on lower bounds for the objective function. It obtains these
by interval arithmetic 1. As a result, it is essential that the objective function f be given by an
expression that can be evaluated in interval arithmetic. We assume that this expression isin terms
of rational operations in which the standard functions (exponential, logarithm, trigonometric) may
also occur.

This requirement rules out, for example, objective functions that are given as sets of observa-
tional data. For such datato become usable for the construction of an objective function, approxima-
tion or interpolation technigues can often be applied to obtain an objective function of the required
form.

L ower bounds can also be obtained if one has a Lipschitz condition on f. This method is used by J. Pintér [10].
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Definition 3 We assume an expression E is given that contains variables x4, . .., z,. E computes
finthesensethat f(ay,...,a,) hasasvalue E withay, . .., a, aresubstitutedin E for =1, . .., z,.
We assume that E can be evaluated in interval arithmetic.

The same symboal f is used to denote the following three functions, which are distinguished by
the types of their arguments:
(1) The objective function of type R™ — R.
(2) The function that mapsintervals X, .. ., X,, to theresult of evaluating in interval arithmetic £
with X4, ..., X, substituted for z1, ..., z,.
(3) The function that mapsabox B = X x --- x X,, to f(X1,...,X,), asdefined above.

3 Interval arithmetic for global optimization

The presence of an unknown and possibly large number of local minima may seem to preclude the
possibility of finding a lower bound for the global minimum. After all, even if one has identified
a thousand local minima, how does one know that there is not yet another one with an objective-
function value lower than any found so far? Moreover, it is possible that a spike-shaped global
minimum exists that fits entirely between two consecutive floating-point numbers.

The answer is that interval arithmetic has the property of producing intervals that contain all
possible values. More precisely, we have the following theorem.

Theorem 1 (The Fundamental Law of Interval Arithmetic).
Let f beafunction of type R™ — R and let X4, ..., X, beintervals. We have

{f(:ul,...,:vn) | z1 € X1,...,2, € Xn} C f(Xl,...,Xn).
For the different meanings of the two occurrences of f, see Definition 3.

The fundamental theorem guaranteesthat the lower bound of theinterval for f computed by interval
arithmetic isalower bound for the global minimum in X; x --- x X,,.

However, neither the fundamental theorem nor anything else ensures that thisis useful: it may
be that the lower bound is far away from the global minimum. Usually, the narrower the intervals
in Xy x --- x X, the closer the left bound of the interval f(X; x --- x X,,) is to the greatest
lower bound of {f(z1,...,2n) | z1 € X1,...,2n € X,}. Thisisfar from guaranteed; it is only
typical. What we do know isthat splitting does not make theinterval for the global minimum worse.
Thisis because of the monotonicity of canonical set extensions of functionsin genera. In the case
of afunction f : R™ — R extended to an f that maps n intervals to an interval as defined in
Definition 3, monotonicity is defined as follows.

Definition 4 Let E be an expression that contains variables x4, ..., z,, and let f be the interval
function associated with it. This function is said to be monotonic iff for all intervals X4, ..., X,

andYy,...,Y,,suchthat X; C Y3,...,X,, C ¥,,wehave f(Xy,...,X,) C f(Y1,...,Y})

This suggests subdividing X; x --- x X, into smaller boxes and evaluating f over each one of
these. The result of subdividing is a set of boxes that covers the set in question.

Definition 5 Let N > 0 be an integer. If (So, ..., Sn—1) isa sequence of non-empty subsets of a
set S, then the sequenceiscalled a cover in S. If, in addition, the union of Sy, ..., Sy_1 iS5, then
the sequence (S, ..., Sn—1) isa cover for S.



let the cover be { By}
while (w(f(Bo)) > €) {
II'w € f(Bo)
remove By from the cover
split By and insert the resultsinto the cover in non-decreasing order of
Ib(f(B;)),fori =0,...,N—1
}
II'w € f(Bo) and w(f(Bo)) < e
output f(By)

Figure 1. The algorithm MS,. It is intended to compute an interval for the global minimum with
width less than or equal to a positive e.

Assume that we have a cover (By, By, ...,By_1) for X = X; x --- x X,, and that the cover
is ordered by non-decreasing lower bounds of f(B;), fori € {0,...,N — 1}. Initidly, we can
take By = X and N = 1. Such a cover contains the minimizer. We will consider algorithms that
change a given cover containing the minimizer to one that has a smaller union and still contains the
minimizer.

Theorem 2 Let usconsider an unconstrained global optimization problem. Let (By, By, ..., Bn_1)
be a cover containing the global minimizer that is ordered according to nondecreasing order of the
left bounds of f(B;) fori =0,1,2,...,N — 1. Let U bethe smallest among the right bounds of the
intervals (f(By), f(B1),--., f(Bn-1)). Theinterval [Ib(f(By)), U] contains the global minimum
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Proof. Consider Ib(f(Bp)). None of the other boxes in the cover has a smaller left bound. Asthe
global minimum has to be achieved in at least one of the boxes (because the number of setsin the
cover isfinite), the left bound of f(By) isalower bound for 4. Let us now consider U. Suppose it
istheright bound of f(B;) withi € {0,..., N — 1}. As B; isnonempty, f(B;) contains at least
onevauey of f. WehaveU = rb(f(B;)) >y > p. We conclude that [Ib(f(By)), U] containsthe
global minimum g.

4 TheMoore-Skelboealgorithm

The considerations in the previous section suggest the possibility of solving the fathoming and the
localization problem by constructing a suitable cover.
4.1 Thefathoming problem for unconstrained global optimization

The original Moore-Skelboe algorithm can be regarded as addressing the fathoming problem. Es-
sentially, the algorithm is as shown in Figure 1. Here it is desired to find an interval for p of width
at most ¢, for somereal € > 0.

The agorithm in Figure 1 has some positive features. In the first place, it may find a sufficiently
narrow interval for u. Second, it doesthisby subdividing X in an adaptive way, as explained below.
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L et us consider the operation “ split”. By its definition, the results are nonempty, are both proper
subsets, and have a union that is equal to the box that was split. The number of boxes in the cover
created by the algorithm typically becomes so large that the cover cannot be stored. So one should
be careful which box to split?. It is desirableto split abox most likely to contain the minimizer. The
heuristic chosen by the algorithm in Figure 1 isto split the box B for which f(By) has the lowest
lower bound. The subdivision resulting from the splitsin this algorithm is adaptive: boxesfar away
from the global minimum tend not to be split. This goes some way towards avoiding covers with
more sets than can be stored.

However, algorithm MS; needs improvement. For example, what happens if one chooses atoo
small positive e? If the algorithm does not abort because the number of setsin the cover has become
too large to be stored, By will become atomic®. In that case the effect of split in the algorithm in
Figure 1isundefined.

To prevent this, we need to include atest whether the box B of the cover isatomic, asisdonein
Figure 2. Theinterval returned contains p.. The width of the returned interval is either at most ¢, and
then we get what we asked for. If the returned interval is wider than e, then we know that it has the
best lower bound that is possible with the given arithmetic and expression for the objective function.
That is, if we ask too much of the algorithm in the form of an € that is too small, then we get asa
consolation prize a very valuable result. Hence we call it the “Consolation Prize Algorithm”. Its
distinctive feature is stated in theorem 3.

Theorem 3 The Consolation Prize algorithmin Figure 2 terminates and, in case of w(f(Bo)) > e,
it returns the best lower bound.

The termination of the Consolation Prize Algorithm is based upon the fact that the number of
floating-point numbers is finite; hence the total number of the boxes that can be defined is finite.
Every split changes a non-atomic box into two strictly smaller boxes. A non-termination loop would
therefore generate an infinite sequence of different boxes. Termination of the algorithm follows. It
ispossiblethat © = Ib(f(Bo)). f(Bo) istherefore the only interval known to contain p.. The only
waly to improve ib(f(By)) aslower bound of y isto split By. When By is atomic, thislower bound
cannot be further improved.

However, when we ask too much of the algorithm in the form of an e that is too small, it would
also be reasonable to get the narrowest possible interval for . This is not necessarily the case
with the algorithm in Figure 2: the box By with the smallest left bound for f(By) may not have
the smallest right bound. Thus we see that the algorithm in Figure 2, though ostensibly its purpose
isto find a B with w(f(B)) < e, it does not try very hard. If it does not achieve its goa by
improving the lower bound, then it should continue with improving the upper bound. Hence we call
it the “interval-valued fathoming algorithm”. It is shown in Figure 3. Its distinctive feature is the
following.

Theorem 4 The Algorithm in Figure 3 terminates and, for sufficiently small ¢, outputs the best
interval for p.

2The box to be split is a Cartesian product of n intervals. So we not only get to choose which box to split, but often
also which projection to split.
3A box isatomic if al of its projections are atomic intervals.
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let the cover be { By}
while (w(f(By)) > € and —atomic(By)) {
II'w € f(Bo)
remove By from the cover
split By and insert the results into the cover in non-decreasing order of
Ib(f(B;)),fori =0,...,N—1
}
Il € f(Bop) and (w(f(By)) < € or atomic(By))
output Ib(f(Bo));

Figure 2. The agorithm MS; (“Consolation Prize Algorithm”). The function atomic specifies
whether its box argument is atomic.

let the cover be { By}
while (w(f(By)) > € and —atomic(By)) {
II'w € f(Bo)
remove By from the cover
split By and insert the results into the cover in non-decreasing order of
Ib(f(B;)),fori =0,...,N—1
}
Il € f(Byp) and (w(f(By)) < e or atomic(By))
if (w(f(Bo)) < €)output f(By); exit;

/1 atomic(By)
let L equal 1b(f(Bo))
order the cover by non-decreasing rb(f(B;)),for: =0,...,N —1
let U equal rb(f(Bo))
while (U — L) > e and Ji such that —atomic(B;)) {
IIL<u<U
remove from the cover a non-atomic B; with lowest rb( f(B;))
split B; and insert the results of splitting into the cover
maintaining the cover’s order of non-decreasing Ib( f(B;)),
fori=0,...,N—1
U = rb(f(By)) /I update the upper bound of p
remove from the cover all boxes B such that Ib(f(B)) > U // Ichida-Fujii
}
Il (U — L) < eordl the boxes |eft in the cover are atomic
output [L, U]

Figure 3: Thealgorithm MS, (“interval-valued fathoming algorithm™). Theline commented “Ichida-
Fujii” marks the application of branch-and-bound added to the Moore-Skelboe algorithmin [6].



let the cover be { By}
let U equal rb(f(Bo))
while (35 in the cover such that —atomic(B;)){
// the union of the boxesin the cover is an outer approximation to the §-minimizer
choose a nonatomic B; with least upper bound rb( f(B;))
remove B; from the cover
split B; and insert the results into the cover in non-decreasing order of
Ib(f(Bg)),fork=0,...,N—1
update U
remove all boxes B from the cover withIb(f(B)) > (U + 9)
}
}
/ the union of the boxes in the cover isan outer approximation to the §-minimizer
output the boxesin the cover

Figure 4: The algorithm MS;. After termination, the best outer approximation to the 6-minimizer is
the union of { By, ..., B;} wherei isthe greatest : such that Ib(f(B;)) < (U + 9).

By choosing ¢ sufficiently close to zero, one forces all boxes to become atomic or to be removed
from the cover. Asaresult, we get the best lower and upper bounds for p that are possible with the
given expression for f and the given precision of the arithmetic.

The main limitation of the algorithms of this type is the large number of sets in the cover.
Removing the sets of the cover whose lower bound exceeds U is an application of the branch-and-
bound principle. Thiswas added to the Moore-Skelboe algorithm by Ichida and Fujii [6].

One way to speed up these algorithms is to use the value of the objective function somewhere
inside the boxes of the cover instead of its right bound. These are also upper bounds for the global
minimum and are less than the upper bound obtained by interval arithmetic.

The above appliesin the case of unconstrained optimization. However, in the presence of con-
straints, one has to prove the existence of afeasible point inside the box B;.

4.2 Thelocalization problem for unconstrained global optimization

Thelocalization problem isto gain information about the §-minimizer. This can take two forms: an
outer approximation or an inner approximation. An outer approximation is a set of boxes whose
union contains the 6-minimizer. This can always be achieved, though the union may be so large as
not to be useful. Algorithm MS; in Figure 4 makes this union as small as possible. The distinctive
property of thisagorithmis the following.

Theorem 5 Algorithm MS; terminates and gives the best outer approximation to the §-minimizer.

Proof. Suppose z isin the §-minimizer. Then f(z) < p + ¢ and hence f(z) < U + 4. This
impliesthat thereis abox in the cover containing = because only boxes B’ withIb(f(B')) > U 4§
have been removed from the cover.

Figure 5 illustrates the outer approximation of §-minimizer. Note that boxes are ordered using the
lower bound of f on each box. Let U be the upper bound of the box in the cover with least upper
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A Outer approximation

< boxes >
f values Discarded
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Lb(f(Bo)) —1 l

Figure 5: A terminal situation of the algorithm M S for outer approximation of the §-minimizer.



let the cover { By}
while (3 such that (U + 6) € f(B;) and —~atomic(B;)) {
/1 the union of the boxes B in the cover withrb(f(B)) < (U + 9)
/lis an inner approximation to the (U — Ib(f(By)) + §)-minimizer.
remove B; from the cover
split B; and insert the resultsinto the cover in non-decreasing order of
rb(f(B;)),fori =0,...,N —1
U = rb(f(Bo))
remove all boxes from the cover with lower bound greater than U + §
}
I Vi atomic(B;) or (U + 6) ¢ f(B;)
remove every box B; from the cover with (U + §) € f(B;)
output al boxesin the cover

Figure 6: The algorithm MS,. After termination, the union of boxes with upper bounds below U + ¢
isthe best inner approximation to the (U — Ib(f(By)) + §)-minimizer.

bound. For an inner approximation, we let e = U — Ib(f(By)), which is the width of the best
interval for p. Let B; be abox such that U = rb(f(B;)). Such a B; will now be contained in the
(e + &)-minimizer for any positive d. In fact, all boxes of the cover that have upper bounds less than
U + ¢ have a union that is contained in the (e 4+ §)-minimizer. This inner approximation can be
improved (that is, made larger) by splitting certain boxes. This improvement is carried out by the
algorithm in Figure 6. Its distinctive characteristic is the following.

Theorem 6 Algorithm MS; terminates and gives the best inner approximation to the (e + §)-
mi ni mi zer.

Proof. Assume z € B for one of the boxes of the cover. Then f(z) € f(B), sothat f(z) <
rb(f(B)). For al boxes B’ inthecover rb(f(B')) < U+4. AsU > u+e,wehave f(z) < pu+d+e.
Soitisinthe (e + ¢)-minimizer.

Figure 7 illustratesthe inner approximation of (e+4)-minimizer. In the case of inner approximation,
note that boxes are ordered using the upper bound of f on each box.

5 Suggestionsfor further work

To be able to concentrate on the main principle, we have restricted ourselves to the framework of
interval arithmetic. This has the advantage of simplicity in exposition, but it is a'so more restricted
and less effective than the more advanced technique of interval constraints [4, 5]. With interval
constraints, the algorithmsin this paper can be extended to constrained nonconvex global optimiza-
tion. Whether constrained or not, interval constraints allow a lower bound y to be obtained by
transforming the objective function to a constraint system and showing the inconsistency of adding
f(z) <y, aswasfirst shown in [2]. Such lower bounds are stricter than the ones obtained by the
M oore-Skelboe algorithm with the same level of splitting.
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Figure 7: A termina situation of the algorithm M S, for inner approximation of the (§ + €)-
minimizer.
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The Moore-Skelboe algorithm does not address the “ clustering problem”, explained below. As
we restrict ourselves to minimal elaborations of the Moore-Skelboe algorithm, our versions have
the same defect.

Algorithms of this type need to decide whether to include a box B in the list of boxes to be
returned. Often, theinterval f(B) is so wide that the decision cannot be taken. Accordingly, B is
split into subboxes for which the decision still cannot be taken. It may happen that after a number
splitsall descendantsof B are al included. In the algorithms discussed here, all descendants appear
separately in the output list. One can think of these as a cluster in the output list and call this
phenomenon the “ clustering problem”.

In the situation described hereit is unavoidable to decide the many descendants of B in order to
decide B itsdlf. But the cluster problem is solved by maintaining the tree structure of the successive
splits so that B can be returned on the output list to replace the long list of its descendants. Such an
algorithm was described in [12]. The algorithms here need to be modified accordingly.

6 Conclusion

Ratschek and Rokne [11] state properties of the Moore-Skelboe algorithm in the limit for infinite
running time, infinite memory, and infinite precision of the floating-point number system. In this
paper we find properties that can be verified in actual executions of the Moore-Skelboe algorithm.

We isolate the global optimization problem in the strict sense of the fathoming problem. In
addition we consider the localization problem, for which we present an algorithm that yields a set
of boxes containing the §-minimizer. If their union is small, we know that there is a well-defined
global minimum. Another algorithm yields a set of boxes contained in ad-minimizer. If their union
islarge, then we know that there are widely separated points with objective function values near the
global minimum. Obtaining these inner and outer approximations is one way of doing a sensitivity
analysis on the optimization problem.

Acknowledgments

We are grateful to Piotr Kaminski for his insightful remarks on an early draft of this paper. The
anonymous referee made several valuable suggestions. We acknowledge generous support by the
University of Victoria, the Natural Science and Engineering Research Council NSERC, the Cen-
trum voor Wiskunde en Informatica CWI, and the Nederlandse Organisatie voor Wetenschappelijk
Onderzoek NWO.

References

[1] L. G. Casado, I. Garcia, and T. Csendes. A heuristic rejection criterion in interval global
optimization algorithms. BIT Numerical Mathematics, 41(4):683—705, 2001.
http://citeseer.nj.nec.com/302739.html.

[2] H.M. Chen and M.H. van Emden. Global optimization with Hypernarrowing. In Proceedings
1997 S AM Annual Meeting, Stanford, California, 1997.

[3] Eldon Hansen. Global Optimization Using Interval Analysis. Marcel Dekker, 1992.

12



[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

Pascal Van Hentenryck, Laurent Michel, and Y ves Deville. Numerica: A Modeling Language
for Global Optimization. MIT Press, 1997.

J. Hooker. Logic-Based Methods for Optimization - Combining Optimization and Constraint
Satisfaction. Wiley-Interscience series in discrete mathematics and optimization. John Wiley
and Sons, 2000.

K. Ichidaand Y. Fujii. An interval arithmetic method for global optimization. Computing,
23(1):85-97, February 1979.

R. Baker Kearfott. A review of techniques in the verified solution of constrained global op-
timization problems. In R. Baker Kearfott and Vladik Kreinovich, editors, Applications of
Interval Computations, pages 23-59. Kluwer, Dordrecht, Netherlands, 1996.

R. Baker Kearfott. Rigorous Global Search: Continuous Problems. Kluwer Academic Pub-
lishers, 1996. Nonconvex Optimization and Its Applications.

Vladik Kreinovich and Tibor Csendes. Theoretical justification of a heuristic subbox selection
criterion for interval global optimization.
http://citeseer.nj.nec.com/kreinovichOltheoretical .html.

Janos Pintér. Global Optimization in Action. Kluwer, 1996.

H. Ratschek and J. Rokne. New Computer Methods for Global Optimization. Ellis Hor-
wood/John Wiley, 1988.

M.H. van Emden. The logic programming paradigm in numerical computation. In
Krzysztof R. Apt, Victor W. Marek, Miroslaw Truszczynski, and David S. Warren, editors,
The Logic Programming Paradigm, pages 257-276. Springer-Verlag, 1999.

13



